In this paper, we propose a simple non-parametric goodness-of-t test for elliptical copulas of any dimension. It is based on the equality of Kendall's tau and Blomqvist's beta for all bivariate margins. Nominal level and power of the proposed test are investigated in a Monte Carlo study. An empirical application illustrates our goodness-of-t test at work.
Introduction
Nowadays, copulas are a standard tool for modeling multivariate dependence. There exist many copula classes such as Archimedean, elliptical and Marshall-Olkin copulas (see e.g. [24] ) and the choice of the right copula class is crucial for an accurate multivariate data analysis. Therefore, goodness-of-t tests for copulas have been an objective of active research in recent years, see e.g. [15] , [1] and the overview [9] . In nancial applications, elliptical copulas are commonly used to capture the dependence structure.
This paper is concerned with the construction of a simple non-parametric goodness-of-t test to examine whether the underlying dependence structure follows some elliptical copula of any dimension d. Therefore, the null hypothesis that the unknown copula C of the given data belongs to the class of elliptical copulas C ellipt , i.e.
H : C ∈ C ellipt , is tested against the alternative
In case of bivariate elliptical copulas, which are symmetric and radially symmetric, one could rst use the tests of [14] and [13] to statistically con rm both symmetry properties. If at least one of these statistical tests is rejected, then the bivariate copula of the underlying data cannot be elliptical. Otherwise, a new statistical test is needed to identify bivariate elliptical copulas within symmetric and radially symmetric copulas. In case of multivariate elliptical copulas, one could test only for radial symmetry.
[21] construct a goodness-of-t test for the tail copula of a d-dimensional distribution, whose dependence structure is expressed by an elliptical copula. [19] derive, in Lemma 1, the parametric form of the tail copula of elliptical distributions and argue, in Section 2, that it depends only on the underlying elliptical copula and is independent of the marginal distributions. Hence, the test in [21] can also be seen as a goodness-of-t test for Hence, Kendall's tau equals the probability of concordance minus the probability of discordance. Furthermore, for continuous random variables X and X with copula C , Kendall's tau is completely determined by their copula C (see Theorem 5.1.3 in [23] ) and can be expressed as
For the sample version of Kendall's tau, we look at a random sample of n observations (X , X ) , . . . , (X n , X n ) from the random vector (X , X ) . In total, there are n = n(n− ) di erent pairs of observations (X i , X i ) and (X j , X j ) and we get τ ,n := n(n − ) ≤i<j≤n sgn(X i − X j )sgn(X i − X j )
as the minimum variance unbiased estimator for Kendall's tau (see [6] ).
. . Blomqvist's beta
The second concordance measure, we want to consider, is Blomqvist's beta, also referred to as the medial correlation coe cient. The intention of [3] was to design a simple rank correlation coe cient which can be easily applied in practice. Blomqvist's beta is de ned as follows.
De nition 2.5. (Blomqvist's beta) Let X and X be continuous random variables. Then, Blomqvist's beta is de ned by β := E[sgn(X −x )sgn(X −x )]
= P((X −x )(X −x ) > ) − P((X −x )(X −x ) < ) , wherex andx denote the population medians of X and X , respectively.
Hence, Blomqvist's beta equals the probability of X and X being both either smaller or greater than their respective medians minus the probability of one being smaller and the other one being greater than its median. Blomqvist's beta can easily be expressed in terms of the copula C of the distribution of (X , X ) and is given by
Consequently, for copulas with a closed-form analytical expression, Blomqvist's beta can be explicitly derived. This displays one advantage of Blomqvist's beta over other more complicated dependence measures. Now, let (X , X ) , . . . , (X n , X n ) be again a random sample of n observations from the random vector (X , X ) and letX ,n andX ,n be the sample medians of the components of the sample. De nition 2.5 trivially leads to the following sample version of Blomqvist's beta given by β ,n := n n i= sgn X i −X ,n sgn X i −X ,n . (4) . Relation between Kendall's tau and Blomqvist's beta for elliptical distributions and copulas
In Theorem 3.1 of [8] , it is proven that the classical relation between Kendall's tau and the linear correlation coe cient known for bivariate normal distributions is valid within the more general class of meta-elliptical distributions. In particular, let (X , X ) be a meta-elliptically distributed random vector with association ρ , which coincides with the correlation between X and X in case of nite second moments of the latter two. Then, the following relation between Kendall's tau τ and ρ holds:
Further, Proposition 8 in [25] implies a similar result for Blomqvist's beta β and ρ :
Equations (5) and (6) show that Kendall's tau τ and Blomqvist's beta β are uniquely determined by the association ρ for bivariate meta-elliptical distributions. Second, they coincide. The equality of Kendall's tau and Blomqvist's beta is an intrinsic property of meta-elliptical distributions and therefore of elliptical copulas. Hence, we build our goodness-of-t test on this characteristic of elliptical copulas. To the best of our knowledge, such a simple goodness-of-t test has not been considered in the literature so far.
Goodness-of-t test for elliptical copulas
In nancial applications, it is often assumed that a copula C belongs to the class of elliptical copulas. Therefore, our aim is to provide a statistical test to verify this assumption. From now on, we assume that we are given a copula sample and neglect unknown marginal distribution functions and their estimation. In practice, marginal distribution functions can be estimated parametrically and non-parametrically, which will affect the statistical inference of the test statistic. This is a subject of our future research. P is a distribution with copula C and uniform margins. Under the hypothesis of an elliptical copula C, also all marginal copulas have to be elliptical. We construct our test on the equality of Kendall's tau τ C k and Blomqvist's beta β C k given by
for all pairs k, ∈ { , . . . , d} with k < . By virtue of (7), our test statistic will be constructed using the di erence β k ,n − τ k ,n between the empirically estimated Blomqvist's beta β k ,n and Kendall's tau τ k ,n . Asymptotic distributions of the empirical estimators for Kendall's tau and Blomqvist's beta are well known and reviewed below. First, we outline the derivation of the asymptotic distribution of the Kendall's tau estimator. According to (2) , an unbiased estimator of τ k is given by τ k ,n = n(n − ) ≤i<j≤n sgn(U ki − U kj )sgn(U i − U j ) .
The estimator τ k ,n is a U-statistic and [16] showed that √ n( τ k ,n − τ k ) converges weakly to a centred Gaussian random variable with variance σ τ k := Var( h k , ((U k , U ) )), wherẽ
If the copula C k is assumed to be known, thenh k , has the following representatioñ
and σ τ k can be represented through the copula C k (see Theorem 4.3 in [5] ) as
The variance σ τ k can be further simpli ed using the theoretical moments of uniformly distributed random variables and Equation (1) for Kendall's tau. We get
If we do not impose any parametric assumption on the copula C k , the asymptotic variance from (11) needs to be estimated non-parametrically. For this, each expectation involving C k can be consistently estimated with the corresponding V-statistic (see [6] or [22] ) by employing the empirical copula C k ,n given by
where I{·, ·} denotes the indicator function. The remaining mixed moment can be consistently estimated by the corresponding empirical moment and τ k can be estimated by τ k ,n from (8) . However, this framework cannot ensure a positive variance estimate, since σ τ k from (11) has been computed using theoretical moments of the uniform distribution as well as Equation (1) . If we additionally estimate the moments of the uniform distribution in Equation (10) empirically, then the resulting variance estimate can still be negative due to the direct estimation of τ k .
Below we describe our estimation framework for σ τ k , which is the variance of h k , ((U k , U ) ). For a sample (U k , U ) , . . ., (U kn , U n ) , we propose to estimateh k , ((U ki , U i ) ) non-parametrically bŷ
Now, σ τ k is estimated by the sample variance of
This leads to a consistent and positive estimation of σ τ k . Consistency follows again from the consistency of the corresponding V-statistics resulting from the empirical copula C k ,n combined with the estimation of moments. Note that our variance estimate is equivalent to the estimate based on Equation (10) , when τ k is estimated using the empirical copula C k ,n . For copula data (U k , U ) , . . . , (U kn , U n ) , the empirical estimator for Blomqvist's beta β k is given by β k ,n = n n i= sgn (U ki − . ) sgn (U i − . ) .
The asymptotic normality of the estimator β k ,n of Blomqvist's beta follows in the case of known marginal distributions trivially from the central limit theorem and was already stated in [3] . Thus, we have the following result and denotes convergence in distribution. Now, we know how to estimate Kendall's tau and Blomqvist's beta for each pair (k, ) of coordinates. The test statistic will be based on all d(d − )/ di erences between the corresponding estimators for Kendall's tau and Blomqvist's beta. Hence, we de ne the statistic Dn Dn := vecu( β) − vecu( τ) , (13) in terms of the matrices β := ( β k ,n ) k, ∈{ ,...,d} and τ := ( τ k ,n ) k, ∈{ ,...,d} , where β kk,n = τ kk,n := and vecu(A) is the vectorization operator that extracts the elements strictly above the main diagonal of a matrix A ∈ S d in a row-wise manner, i.e. The following theorem contains the asymptotic distribution of Dn for a sample from an elliptical copula. Moreover, it states our test statistic Tn and its limiting distribution under the null hypothesis C ∈ C ellipt . with
where Σ is de ned in Equation (18) The proof of Theorem 3.1 is given in the Appendix. The second result of Theorem 3.1 depends on a consistent estimator of the covariance matrix V since Σ is unknown. In the following remark, we indicate the construction of such a consistent estimator Vn.
Remark 3.2.
The asymptotic covariance matrix Σ depends on the unobservedh k , ((U k , U ) ), for k, ∈ { , . . . , d} and k ≠ . However, Σ can be consistently estimated usingĥ k , ((U ki , U i ) ), i = , . . . , n, de ned in (12) . This results in the consistent estimator Vn of the covariance matrix V.
Based on Theorem 3.1, we propose the test function
where χ m,α denotes the α-quantile of the χ -distribution with m degrees of freedom.
Simulation study
In order to assess the nite-sample performance of the proposed test for ellipticity based on the test statistic Tn, a Monte Carlo study was conducted. We are interested in the ability of the test to hold its nominal level as well as the power of the test to detect alternatives. For ease of notation we skip all indices in the bivariate examples and just use them when they are needed.
. Setup
First of all, we xed a signi cance level of α = . for the test throughout the study. Furthermore, the number of Monte Carlo replications was set to N = . The simulation study was then carried out for di erent dimensions d, copula families, levels of dependence (measured in terms of Kendall's tau) and sample sizes.
In particular, we have considered samples of dimension d = , and .
To investigate the level of the test, random samples from two elliptical copula families were considered, namely the Gaussian copula and the t-copula (with 5 and 10 degrees of freedom). To study the power of the test, random samples from non-elliptical copula families were examined (see Section 4.2). Here, we looked at random samples from the Frank, Clayton and Gumbel family as well as from a mixture of two elliptical copulas and a copula derived from the mixture of two elliptical distributions with di erent association parameters, respectively. For the mixtures, we chose a Gaussian and a t-copula as well as a Gaussian and a t-distribution, respectively.
In order to assess the e ect of the strength of dependence, ve di erent levels of dependence were chosen, according to τ ∈ { . , . , . , . , . }. Each value of τ was converted to a unique association or dependence parameter of a multivariate copula. As a consequence, all bivariate marginal copulas of the resulting multivariate copula are then identical. For the copulas based on mixtures, four di erent levels of dependence were considered. The di erent levels are given by a combination of τ G for the Gaussian copula/distribution and τ t for the t-copula/distribution. These parameters (τ G , τ t) had values in ( . , . ), ( . , . ), ( . , . ), ( . , . ) . Finally, for every choice of copula family and xed level of dependence, random samples of size n ∈ { , , , , } were considered. To get an impression of the common copula families used in the simulation study, Figure 1 displays scatter plots of bivariate random samples of size n = for the levels of dependence corresponding to τ ∈ { . , . , . }. Further, scatter plots of the bivariate mixture copula and of the copula derived from the mixture of bivariate elliptical distributions are illustrated for the di erent combinations of τ G and τ t in Figure 2 and Figure 3 , respectively. First, we would like to point out that the scatter plots for the Gaussian and the Frank copula in Figure 1 are quite di cult to distinguish. Moreover, the scatter plots for the mixtures in Figures 2 and 3 could easily be assigned erroneously to data from elliptical copulas.
. Non-elliptical copula classes for the power study
In the following, we brie y overview Archimedean copulas and copulas based on special mixtures of elliptical copulas or elliptical distributions, which constitute three non-elliptical copula classes used for the power study. 
Copula family
For a bivariate Archimedean copula C, one can compute Kendall's tau using its generator φ. More precisely, the following relation (see [12] ) holds:
Further, Equation (3) and De nition 4.1 imply for Blomqvist's beta:
Archimedean copulas are exchangeable by construction. Moreover, the bivariate Frank copula is even radially symmetric, i.e. the survival copula coincides with the copula itself. Being exchangeable and radially symmetric, bivariate Frank copulas possess the same symmetry properties as bivariate elliptical copulas. Therefore, it is very important to distinguish between them when modeling the dependence of bivariate data. Table 2 reports Kendall's tau, Blomqvist's beta and the symmetry properties for the bivariate Frank, Clayton and Gumbel copula. 
. . Mixture of bivariate elliptical copulas
The aim of this section is to consider another class of bivariate non-elliptical copulas, which are symmetric (i.e. exchangeable) and radially symmetric. For this, we mix two bivariate elliptical copulas with di erent parameters. More precisely, a bivariate Gaussian copula with correlation ρ G and a bivariate t-copula with ν degrees of freedom and association parameter ρ t , where ρ t ≠ ρ G , are mixed with probabilities p ∈ [ , ] and − p, respectively. The resulting bivariate mixture copula is given by
By choosing ρ G ≠ ρ t , we expect this bivariate mixture copula to be non-elliptical. However, this is not trivial to show since elliptical copulas are only implicitly de ned as the copulas of elliptical distributions. To the best of our knowledge, such mixtures of elliptical copulas have not been investigated so far. It should be noted that the proposed construction of such mixture copulas is general and can be extended to any dimension. Further, it is very easy to draw a random sample from the mixture copula. For this, the random sample is drawn from the Gaussian copula C Gauss ρ G with probability p and with probability ( −p) from the t-copula C t ν,ρt . In our simulation study, we set p = . , ν = and varied the association parameters ρ G and ρ t . By virtue of the one-to-one correspondence between Kendall's tau and the association parameter ρ (correlation coe cient for ν ≥ ) given in (5), this is equivalent to varying Kendall's tau.
. . Copulas derived from the mixture of bivariate elliptical distributions
Here, we have a closer look on bivariate copulas derived from the mixture of bivariate elliptical distributions. Again, the framework presented below is general and can be extended to any dimension. The idea is to mix two bivariate elliptical distributions in such a way that the resulting bivariate distribution is not elliptical any more. We expect that its copula is then also non-elliptical, but we have no theoretical justi cation. Without loss of generality, we set µ = in De nition 2.2. Now, one can easily argue that the mixture of two bivariate elliptical distributions with di erent parameters Σ and Σ is not elliptical.
In the following, a bivariate Gaussian distribution N ( , P G ) with correlation ρ G and a bivariate tdistribution t (ν, , P t ) with correlation ρ t , where ρ t ≠ ρ G , are mixed with probabilities p ∈ [ , ] and − p, respectively. The cumulative distribution function H mixt of the resulting bivariate mixture distribution is given by
where Φρ G and tν,ρ t are the cumulative distribution functions of N ( , P G ) and t (ν, , P t ), respectively. Just like for the mixture of elliptical copulas, it is easy to draw a random sample from the mixture distribution. First, the random sample is drawn with probability p from the bivariate Gaussian distribution N ( , P G ) and with probability ( −p) from the bivariate t-distribution t (ν, , P t ).Then, the random sample is transformed using the margins F mixt and G mixt to get copula data. For the simulation study, we set again p = . , ν = and varied the association parameters ρ G and ρ t . With the same argument as before, this is equivalent to varying Kendall's tau.
. Level
Tables 3, 4 and 5 display the empirical level of the test for ellipticity with signi cance level α = . as observed in 1000 random samples for dimension d = , and , respectively, and all possible scenarios from the simulation setup. Note that for d = and d = , all o -diagonal elements of the correlation matrix R of the Gaussian and t-copula are identical and related to the level of dependence τ C . Tables 3 and 4) . Only for large values of Kendall's tau in combination with a small sample size of n = or n = , the test turns out to be too liberal. As the distributional result for the test statistic holds only asymptotically, this explains why there might occur some problems especially for small sample sizes. 
For dimensions d = and d = , the test seems to hold its nominal level (see
. Table 5 shows that the proposed test requires large sample sizes to hold its level for higher dimensions. For d = and medium level of dependence τ C , a sample size of at least n = is required. This can be explained by the asymptotic nature of our test. The accuracy of the distributional approximation with the limiting χ -distribution is very poor for small sample sizes and gets improved signi cantly for larger sample sizes. This is illustrated by the QQ-plots for the t-copula with 5 degrees of freedom in Figure 4 . Hence, the results of our simulation study for dimension d = are reliable only for large sample sizes. Therefore, we consider only samples of size n = and n = in the power study for dimension d = .
Sample QuantilesTheoretical Quantiles
. Power
The results for the empirical power of the test for ellipticity with signi cance level α = . based on random samples from the Frank, Clayton and Gumbel family are presented in Tables 6, 7 and 8 for the different dimensions d = , and . For the random samples from the mixture copula and the copula derived from elliptical distributions, we report the results only for d = in Tables 9 and 10 , respectively. This is due to the fact that huge sample sizes are generally needed to achieve satisfactory empirical power for the bivariate mixture copula constructions. This lacks in practical relevance and, therefore, we do not consider these mixture copulas in higher dimensions. 
. First of all, when we look at Tables 6 -10, we notice that the observed power varies enormously across the level of dependence and the sample size as well as across the copula families. In general, the rejection rate increases with the sample size, as expected. In addition to that, the rejection rate increases with the level of dependence. Since the non-ellipticity becomes more apparent for higher values of Kendall's tau, which can also be observed in Figure 1 , this is also expected. The empirical power also increases with increasing dimension as soon as the distributional approximation with the χ distribution is su ciently accurate. Some exceptions occur in connection with the Gumbel family, which we discuss later on. 
. . Power for Archimedean copula families
For the Frank copula, the test appears to perform well for all considered dimensions. If Kendall's tau has a value of at least . , a sample size of n = su ces to achieve a good power. For dimension d = and d = and small levels of dependence, a larger sample size is needed. Table 8 shows that the empirical power for d = is larger than the corresponding power for lower dimensions, such that here a sample size of n = is su cient for small levels of dependence. From Section 4.2, we know that the bivariate Frank copula is the only Archimedean copula which is not only exchangeable but also radially symmetric. Since radial symmetry is an important necessary condition for a copula to be elliptical, the fact that the test performs quite well for this family is a very promising feature. Note that elliptical copulas of d > can but do not have to be exchangeable.
In case of the Clayton family, quite similar observations can be made, though with slightly lower rejection rates. Still, we can say that the test seems to be good in detecting the lack of ellipticity if the level of dependence is not too close to independence.
In contrast to the previous results, the rejection rates for the Gumbel family appear to be very low. Since the test statistic Tn is based on the di erence between Kendall's tau and Blomqvist's beta, we have to take a closer look at those two measures in order to nd some explanation. Figure 5 illustrates Kendall's tau and Blomqvist's beta as functions of the copula family parameter θ for the bivariate Frank, Clayton and Gumbel copulas. Here, the reason for the low rejection rates becomes apparent: Kendall's tau and Blomqvist's beta are very close and almost not distinguishable for the Gumbel family. Nevertheless, even in this case, the test is able to provide some indication against the null hypothesis for huge sample sizes if the level of dependence is high enough, meaning Kendall's tau being equal to . or higher. To con rm this presumption, we carried out the simulation study for the bivariate Gumbel copula with a Kendall's tau of . and chose a sample size of n = , which delivered a quite acceptable rejection rate of . . 
. . Power for the bivariate mixture copula constructions
For the mixture of bivariate elliptical copulas, the test generally achieves good power only for huge sample sizes (n = ), which we do not consider in our simulation study. If the absolute di erence of the values of Kendall's tau for the Gaussian and the t-copula is large enough then an acceptable empirical power can be observed already for a sample size of n = . 
Similar observations on the empirical power can be made for the copula derived from the mixture of bivariate elliptical distributions. There is only one exception. It turns out that the empirical power depends not only on the absolute di erence but also on the sign of the di erence. Thus, the empirical power of . for the combination of τ G = . and τ t = . is observed. Whereas, we get the empirical power of . if we switch the values of the dependence levels.
Since it is not easy to graphically detect the non-ellipticity for the samples of the mixture copulas used in the simulation study, our test is still useful.
. Level and power for pseudo-observations
As it was suggested by one of the referees, we have investigated the empirical level and power of the proposed test for the more realistic situation with unknown marginal distributions. For this, we have simulated copula data from the considered copula families and transformed the uniform marginal distributions to exponential distributions with unit rate. Thus, we deal now with observations
We have applied our test to pseudo-observations U ki = nF k,n (X ki )/(n + ), where F k,n is the empirical cumulative distribution function of the k-th component, k ∈ { , . . . , d}. So, we do not make any assumptions on the marginal distributions, which corresponds to practical applications. Below, we present our results for the bivariate case. 
. Table 11 shows the empirical level of our test for d = and unknown margins. As one can observe, the test keeps its nominal level across all sample sizes and dependence levels for the considered copula families. Compared to Table 3 , the empirical levels are similar for both situations: known and unknown margins. This supports our testing procedure for copula data in real applications. Table 12 now shows the empirical power of our test for d = and unknown margins. We do not observe any signi cant di erences in comparison to the empirical power results from Table 6 . Thus, it seems that the test is equally powerful for known as well as unknown marginal distributions. Summarizing the empirical ndings of this section, we can recommend our test also in the case of unknown marginal distributions, although the observations are now dependent and therefore the limit results do not hold as stated in Theorem 3.1.
. Power under the local alternatives
As indicated by one referee, the simple functional form of the test statistic allows to investigate the power of the proposed goodness-of-t test under local alternatives. Since the accuracy of the distributional approximation for our test statistic Tn is not satisfactory for small sample sizes and large dimensions, we restrict ourselves to dimension d = . For the null hypothesis H : β = τ, local alternatives of the form β = τ + ∆/ √ n are considered for varying ∆. It follows in lines of the proof of Theorem 3.1 that the asymptotic distribution of the test statistic under the local alternatives is the non-central χ -distribution with one degree of freedom and non-centrality parameter ∆ /v , where v is the asymptotic variance of Dn for d = . In applications, the asymptotic variance v should be consistently estimated and depends on the underlying data.
For varying ∆, Figure 6 shows the theoretical asymptotic power of our test under the sequence of local alternatives when the data comes from a Frank copula with τ C = . and β C = .
. The asymptotic variance is estimated using a sample of size 10000. This estimate is then used instead of the unknown asymptotic variance v . Further, the ve circles in Figure 6 indicate the empirical power of our test from Table 6 for the Frank copula and the ve sample sizes n = , , , and . For each sample size n, the position of the circles on the x-axis is computed by √ n (β C − τ C ). Thus, the circles are located further to the right with increasing sample size n. We see that the asymptotic local power is in good agreement with our empiri- . Circles and triangles correspond to the empirical power for copula data and pseudo-observations, respectively, of sample sizes n = , , , , .
cal results. Moreover, the ve triangles in Figure 6 similarly display the empirical power of our test applied to pseudo-observations from Section 4.5. For the considered simulation scenario, Figure 6 shows that the empirical power of our asymptotic test does not signi cantly fall in quality and agrees well with the asymptotic local power even if marginal distributions are unknown.
Empirical analysis
We consider the daily log-returns of the DAX, the Dow Jones Industrial Average and the Euro Stoxx 50 indices for 10 years starting from January 1, 2006 till December 31, 2016. For our test, we need i.i.d. data. Therefore, we t a time series model to each series of log-returns and then use the standardized residuals of these models. More precisely, we choose ARMA( , ) -GARCH( , ) models with Student's t innovations to capture autocorrelation and volatility clustering in the daily log-returns. The model ts have been validated with QQ-plots of the standardized residuals.
To get the copula data, the standardized residuals have to be transformed to achieve approximate i.i.d. uniform margins. This can be done non-parametrically by using the empirical cumulative distribution functions. Apart from that, one can use a Student's t distribution to parametrically transform the residuals, which is due to the fact that the considered ARMA( , ) -GARCH( , ) models have Student's t innovations. Figure 7 displays the scatter plots of the standardized residuals after the non-parametric (above the diagonal) as well as the parametric transformation with the tted t-distribution (below the diagonal). Here, we can visually observe a high dependence between the margins as well as symmetry and radial symmetry of the underlying data. Therefore, an elliptical copula would be a natural choice to model the dependence structure of the standardized residuals of the three indices. Now, we apply our goodness-of-t test to the underlying copula data. We get p-values of . and . for the non-parametrically and the parametrically transformed residuals, respectively. Hence, our test rejects the null hypothesis that the dependence structure of the considered data can be captured by a three dimensional elliptical copula at the signi cance level of %. This is a surprising statistical result and indicates that one should be careful when choosing elliptical copulas in nancial applications.
Further, we get p-values between . and . , when we apply our test to the bivariate margins of the non-parametrically and the parametrically transformed residuals. Even if we cannot reject the null hy- pothesis of ellipticity for some bivariate margins, we would not favour elliptical copulas for modeling the two dimensional dependence structures of the given data.
Conclusion
In this paper, we derive a simple non-parametric goodness-of-t test for elliptical copulas of any dimension. It is based on the equality of Kendall's tau and Blomqvist's beta for all bivariate margins. However, to our best knowledge, it is an open problem whether this equality does completely characterize elliptical copulas. The distinguishing property of our test is its ability to di erentiate between elliptical and non-elliptical copulas of any dimension even if the underlying copulas are radially symmetric. In the bivariate case, our test can even detect symmetric non-elliptical copulas.
In an intensive Monte Carlo study, we investigate the nominal level and the power of the proposed test. Unfortunately, our test is not powerful enough to reject samples of moderate and large sizes from the Gumbel copula. In the bivariate case, we propose to use it in combination with tests for symmetry and radial symmetry by [14] and [13] , respectively. For moderate dependent data, our test has su cient power starting from sample size 1000 for the considered Archimedean copulas, except the Gumbel family. When considering bivariate copulas derived from mixture constructions, the power depends on the values of the association parameters and the distance between them. In some cases, su cient power can already be achieved using samples of size . In future research, we aim to develop and design more powerful goodness-of-t tests for elliptical copulas using small and moderate sample sizes.
Our test requires copula data, which is usually not available in empirical applications due to unknown marginal distributions. It seems that the performance of our asymptotic test is not signi cantly in uenced by non-parametric estimation of unknown marginal distributions. The referees pointed out that the limiting distribution of the test statistic in case of unknown margins and bivariate data can be derived by considering referees for constructive comments and helpful remarks, which lead to a signi cantly improved presentation of the manuscript. This work was supported by the German Research Foundation (DFG) and the Technical University of Munich within the funding programme Open Access Publishing.
A Proof
In this section, we give the proof of Theorem 3.1 about the asymptotic normality of the di erence statistic Dn and the limit distribution of the test statistic Tn. where P is a distribution with copula C and uniform marginals. Next, we de ne the matrices 
of τ k , which is a U-statistic of degree two with kernel function h (w , w ) := sgn(w − w )sgn(w − w ), where w i = (w i , w i ) , for i = , . Hoe ding's decomposition for U-statistics implies (see Theorem 1.2.1 in [6] ) that τ k ,n − τ k can be represented as U k ,n + U k ,n , where
and U k ,n := ( τ k ,n − τ k ) − U k ,n . Note that U k ,n is a U-statistic of degree two with the degenerate kernel h k , (w , w ) = h (w , w ) −h k , (w ) −h k , (w ) + τ k , i.e. 
where A k ,h is a constant depending only on the kernel h(·, ·). Therefore, 
For example, the covariance matrix Σ for d = , k = and l = has the following form (14) follows from the asymptotic normality of Dn, the multivariate Slutsky Theorem (see Lemma 6.3 in [2] ) and the continuous mapping theorem.
